Imagine a sphere with its equator inscribed in an equilateral triangle. This Saturn-like figure will help us understand from where Cardano's formula for finding the roots of a cubic polynomial p(z) comes. It will also help us find a new proof of Marden's theorem, the surprising result that the roots of the derivative p (z) are the foci of the ellipse inscribed in and tangent to the midpoints of the triangle determined by the roots of the polynomial. 
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Marden's theorem and its real version
By the fundamental theorem of algebra, a cubic polynomial, with real or complex coefficients, has precisely three (possibly complex) roots. In general, these roots are distinct and don't all lie on a line. That is, they form a triangle in the complex plane. The Gauss-Lucas theorem [3] implies that the two roots of the derivative must lie inside this triangle. It states that for any polynomial p(x) with complex coefficients, the roots of p (x) all lie within the complex hull of the roots of p(x). We present an elegant proof for the cubic case. If r, s, t are the (complex) roots of p(x), and if p (u) = 0 where u is not in the complex hull of {r, s, t}, then there exists θ such that each of e iθ (u − r ), e iθ (u − s), and e iθ (u − t) has positive real part. This, however, would contradict the fact that
The proof extends easily to higher dimensions. This paper arose from an attempt to understand Marden's theorem, the subject of a fascinating article by D. Kalman [4] . This theorem has a long history that goes back at least to work by Siebeck in 1864-see [4] for the history of the theorem and some of its generalizations. The theorem states that for a cubic polynomial p(z) whose roots form a triangle in the complex plane, the roots of p (z) are the foci of the (unique) ellipse inscribed in that triangle tangent to the midpoints of the sides. FIGURE 2 illustrates Marden's theorem. This is an analog of the fact that the midpoint of the two roots of a quadratic polynomial p(x) coincides with the root of its derivative p (x). Note that FIGURE 2 does not make much sense if the roots of p(x) are collinear, since the ellipse disappears. What is going on this case? In order to draw a sphere, we can draw a circle with an ellipse inside (FIGURE 1). That ellipse is a projection (onto the plane) of the equator of the sphere. This illustrates a technical fact: The projection of a circle is an ellipse. We shall, in due time, prove this (and provide a definition of "ellipse").
Consider an equilateral triangle in 3-space, with a sphere such that one of the sphere's great circles is inscribed in the triangle. FIGURE 1 shows a projection of this figure. A sufficient rotation of the sphere-with-triangle figure in 3-space will yield, to our vantage point, the disappearance of the triangle and the ellipse, but not of the sphere. The foci of the now-flattened ellipse become the ends of one of the diameters of the sphere, and we may deduce the following result (with formal proof supplied below). Proof. Suppose we have a polynomial p(x) with three real roots r, s, t. That is, we may take
It is easy to verify that the points in R 2 with coordinates (r, (
, and (t, (r − s)/ √ 3) form the vertices of an equilateral triangle whose first coordinates coincide with the roots of p(x) (since the distance between any two is the symmetric function 2 (r 2 + s 2 + t 2 − r s − r t − st)/3). Note that the inscribed circle has center ((r + s + t)/3, 0) and radius 1/ √ 12 times the distance between any two of the vertices (i.e., the radius is 1 3 (r 2 + s 2 + t 2 − r s − r t − st)). Hence, the first coordinate projection of the inscribed circle is the closed interval 1 3 r + s + t ± (r 2 + s 2 + t 2 − r s − r t − st) . By the quadratic formula, the endpoints are readily seen to be the roots of p (x) = 3x 2 − 2(r + s + t)x + (r s + r t + st). FIGURE 3 shows the graph of a cubic polynomial and its relation to an equilateral triangle and its inscribed circle. This includes, after all, another view of the Saturn-like figure. 
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Ellipses and linear maps
We recall the familiar way of drawing an ellipse by hand; given two points (possibly coincident) and a piece of string connecting them with enough length to have some slack, moving a pencil around while keeping the string taut results in an ellipse (see FIGURE 4) . That is, the set of all points {x ∈ C : |x − u| + |x − v| = L} where u, v ∈ C and L ∈ (|u − v|, ∞) is an ellipse. We may take this as a definitioni.e., every ellipse arises this way-since any ellipse has a unique set of foci {u, v} and a maximum width L such that the previous construction yields the ellipse [9] .
Figure 4
Drawing an ellipse We stated earlier that, generally, a projection of a circle in R 3 onto a plane is an ellipse. This fact is tantamount to saying that the image of a circle R 2 under a linear map is an ellipse (since rotations are linear). We shall prove this.
Recall that linear map from R 2 to itself is of the form
for some α, β, γ , δ ∈ R. Thinking of this map as a map instead from C to itself, i.e., z := x + i y maps to
we see that every linear map is of the form and thus E is an ellipse with foci ±2 √ ab.
Marden and Cardano
Suppose now that p(z) is a cubic with complex roots r, s, t. For convenience, we shall assume r + s + t = 0 so that we may assume p(z) = z 3 + (r s + r t + st)z − r st. Just as any three real numbers, not all equal, are the projections of the vertices of an equilateral triangle, it is also clear that every three complex numbers, not all equal, are the projections of the vertices of an equilateral triangle in 3-space. Considering this triangle and its inscribed sphere as in FIGURE 1, there should be a linear map from the plane to itself taking the unit circle to an ellipse containing r, s, t. FIGURE 5 illustrates how such a map would take the equilateral triangle with vertices corresponding to third roots of unity 1, ω, ω (along with inscribed and circumscribed circles) to the triangle with vertices r, s, t (along with inscribed and circumscribed ellipses). Since linear maps take midpoints to midpoints (i.e., f ((z + w)/2) = ( f (z) + f (w))/2), the inscribed ellipse is tangent to the triangle at midpoints of the sides and, further, since the outer circle has radius twice that of the inner one, the outer ellipse is a dilation of the inner one by a factor of 2.
Of course, we may find a, b explicitly by solving the simultaneous equations a + b = r and aω + bω = s (where, of course, ω = (−1 + i √ 3)/2). Because r + s + t = 0, it follows that aω + bω = t.
Using this, we see that r s + r t + st = −3ab and r st = a
, and thus we may rewrite p(z) in terms of a and b:
Alternatively, if w := ae
, then it is easy to see that
and so the roots of z As still another alternative (see [5] ), it is easy to verify
So the matrices M and D have the same characteristic polynomials:
MARDEN'S THEOREM. If p(z) is a cubic polynomial with three complex roots r, s, t that form a triangle in C, then the roots of p (z) are the foci of the unique ellipse tangent to the midpoints of each side.
Proof. By the Lemma, the foci of the outer ellipse in FIGURE 5 are ±2 √ ab, and so the inner ellipse has foci ± √ ab that, by equation (1), are the roots of p (z).
Equation (1) also provides a method for solving cubic equations. That is, if a, b can be found so that a given (reduced) cubic is of the form z
3 ) = 0, then its roots are a + b, aω + bω, and aω + bω. The result is an old one due to Cardano and the method of proof also goes back, apparently, to Lagrange. Among the many references to Cardano's formula are a web version [10] and a geometric approach similar to ours [6] . See also Chapter 6 of [1] . CARDANO'S FORMULA. The solutions of the equation 
, and the result follows.
Although every real number has a unique real cube root (the usual meaning for 3 √ ), the cube root of a complex number is not uniquely defined. In the formula above, we may choose a, b to be cube roots of B + √ B 2 − A 3 and B − √ B 2 − A 3 , respectively, such that ab = A. The fact that this method cannot always find real roots without using complex numbers (the Casus Irreducibilis) apparently caused difficulty in Cardano's era-that time before complex numbers. Again,à la Hadamard, the shortest route visits the complex numbers.
We wish again to emphasize that the possibly mysterious appearance of ω in the roots a + b, aω + bω, aω + bω of p(z) is actually just due to the fact that those roots are the images of the third roots of unity under the linear map az + bz.
Higher dimensions
Informally, a regular tetrahedron can be rotated and dilated so that the first coordinates of its vertices match any four given numbers. Motivated by FIGURE 3, we generalize up one dimension (FIGURE 6) and state the result as a theorem (with proof left to the reader).
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Figure 6
Tetrahedron, its inscribed sphere, and a triangle
THEOREM. Given a quartic p(x) with four real roots (at least two distinct), those roots are the first coordinate projections of a regular tetrahedron in R
3
. That tetrahedron has a unique inscribed sphere, which projects onto an interval whose endpoints are the two roots of p (x). FIGURE 6 shows the graph of a quartic polynomial p(z) with a regular tetrahedron, whose vertices project onto the roots of p(z); the inscribed sphere of that tetrahedron, whose extreme points project onto the roots of p (z); and an equilateral triangle around that sphere, whose vertices project onto the roots of p (z). Alas, FIGURE 6 does not indicate how the roots of p (z) relate to the roots of p(z) or of p (z). If we could understand how all these roots are related geometrically, then we could approach the following deceptively simple open problem [8] . See [2] for a positive solution in lower dimensions.
CONJECTURE. There does not exist a quartic polynomial p with four distinct rational roots such that p , p , and p all have rational roots.
Another surprising result involving FIGURE 6 is that the four points representing the vertices of the tetrahedron (as four complex numbers a, b, c, d in the complex plane on which FIGURE 6 is drawn) satisfy (a Geometrically, this says that if the roots of p are in the unit disk, then every root of p is in a unit disk centered at some root of p.
